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We study the transport properties of a quantum wire, desribed by the Tomonaga-Luttinger
model, in the presene of a baksattering potential provided by several extended time-dependent
impurities (barriers). Employing the Büttiker-Landauer approah, we rst onsider the sattering
of noninterating eletrons (g = 1) by a retangular-like barrier and nd an exat solution for
the baksattering urrent, as well as a perturbative solution for a weak stati potential with an
arbitrary shape. We then inlude eletron-eletron interations and use the Keldysh formalism
ombined with the bosonization tehnique to study osillating extended barriers. We show that the
baksattering urrent o time-dependent impurities an be expressed in terms of the urrent for
the orresponding stati barrier. Then we determine the baksattering urrent for a stati extended
potential, whih, in the limit of noninterating eletrons (g = 1), oinides with the result obtained
using the Büttiker-Landauer formalism. In partiular, we nd that the ondutane an be inreased
beyond its quantized value in the whole range of repulsive interations 0 < g < 1 already in the ase
of a single osillating extended impurity, in ontrast to the ase of a point-like impurity, where this
phenomenon ours only for 0 < g < 1/2.
PACS numbers:
I. INTRODUCTION
The eletroni transport in mesosopi systems has
been intensively studied during the last deades.
1,2
The
ondutane of mesosopi wires is usually omputed us-
ing the Büttiker-Landauer formalism,
3
whih aounts
for the quantum mehanial nature of transmission and
reetion through impurities and works well for Fermi
liquids.
Reent advanes in nanotehnology, together with the
disovery of arbon nanotubes
4,5
have enabled the fabri-
ation of extremely narrow wires, whih are basially one-
dimensional. Beause the eletron-eletron interations
beome essential in 1D, these quantum wires exhibit Lut-
tinger liquid behavior, i.e., they have bosoni olletive
exitations, instead of the usual fermioni quasi-partiles
present in onventional Fermi liquids.
6
The role played by impurities in a Luttinger liquid de-
pends ruially on the nature of the interations. In path-
breaking papers, Kane and Fisher
7,8
showed that the im-
purity barrier is irrelevant if the eletrons have attrative
interations (g > 1), but it uts the wire into two piees if
they interat repulsively (g < 1). For the noninterating
ase (g = 1) the barrier is a marginal perturbation, i.e.,
one an have both, transmission and reetion.
For the ase of two barriers, ontrarily to the expe-
tation, it is possible to have transmission even in the
presene of repulsive interations (g < 1) beause quasi-
bound-states an form between the barriers, whih lead
to resonant transmission.
9
The vast majority of ases disussed in the literature
onerning transport in Luttinger liquids involve stati
point-like impurity barriers. Reently, the ase of dy-
namial point-like impurities was addressed.
10,11,12,13,14
Feldman and Gefen
12
have shown that in the presene of
one impurity osillating with frequeny Ω, the baksat-
tering urrent may hange sign and the ondutane of a
single-mode Luttinger liquid with strong repulsive inter-
ations (g < 1/2) may beome larger than the quantum
of ondutane G0 = e
2/h. We have generalized their
results and shown that in the presene of several impu-
rities this phenomenon ours even for 1/2 < g < 1.14
In fat, we have found that the d-urrent an always
be expressed in terms of the baksattering urrent o a
stati impurity. The eet of the impurity frequeny Ω is
solely to split the energy modes into ω0 +Ω and ω0 −Ω,
where ω0 = eV/~ denotes the Josephson frequeny, asso-
iated with the external voltage V . Hene, within rst
order perturbation theory, several point-like impurities
osillating in phase may lead to an inrease of the on-
dutane, in a ertain range of parameters, but in the
entire regime of repulsive interations 0 < g < 1.14
After having understood the role of time-dependent
point-like impurities, the remaining task is to investigate
transport through extended time-dependent impurities.
15
This is preisely the aim of this paper. The oherent
transport properties of multimode quantum hannels in
the presene of Gaussian-like satterers was onsidered
reently.
16
In addition, the tunneling urrent between two
ounterpropagating edge modes desribed by hiral Lut-
tinger liquids was alulated for the ase when tunneling
takes plae along an extended region.
17
In this work we evaluate the baksattering urrent o
several time-dependent extended impurities in an other-
wise perfet Luttinger liquid, in the presene of repulsive
eletron-eletron interations. We start in Setion II with
a single stati extended impurity in the noninterating
2limit (g = 1), whih an be solved using the Büttiker-
Landauer formalism,
3
and then we generalize the results
for the ase of an arbitrary stati potential. In Setion
III we inlude interations among the eletrons and study
the problem using the Keldysh formalism. Within rst
order perturbation theory, we rst derive a general ex-
pression for the baksattering urrent in the presene
of several time-dependent extended impurities and then
we onentrate on a typial example, namely, the ase
of one impurity, to illustrate the main results. Finally,
we ompare our ndings obtained within perturbation
theory in the limit of noninterating eletrons (g = 1)
with the exat results derived in the framework of the
Büttiker-Landauer formalism and show a perfet agree-
ment between them. Our onlusions are presented in
Setion IV.
II. NON-INTERACTING ELECTRONS (g = 1)
IN AN EXTENDED BACKSCATTERING
POTENTIAL
A. The Model
We start by studying the simplest ase, namely, non-
interating eletrons in 1D in the presene of a baksat-
tering potential. The Hamiltonian of the model reads
H = H0 +Himp, where
H0 = −i~vF
∫
dx(ψ†R∂xψR − ψ†L∂xψL), (1)
Himp =
∫
dx(ψ†RψL + ψ
†
LψR)W (x, t).
Here ψR/L are fermioni elds orresponding to the
right/left moving eletrons and W (x, t) stands for the
baksattering potential. We also further set the Plank
onstant ~ = 1 and the Fermi veloity vF = 1. The
equations of motion then read
(∂t + ∂x)ψR + iW (x, t)ψL = 0, (2)
(∂t − ∂x)ψL + iW (x, t)ψR = 0.
For a stati baksattering potential, W (x, t) = W (x),
the solutions of the above equations of motion have a sta-
tionary form, ψR/L(x, t) = ψR/L(x)e
−iωt
. The fermioni
elds ψR/L then obey the following equation of motion(
ω + i∂x −W (x)
−W (x) ω − i∂x
)
ψ(x) = 0, (3)
where we introdued a spinor notation
ψ ≡
(
ψR
ψL
)
. (4)
In the following we onentrate on some partiular ex-
amples for whih an analytial solution an be obtained.
B. Single stati retangular-like barrier
Let us begin by onsidering a stati retangular-like
potential barrier of width L and height W ,
W (x) =W [Θ(x+ L/2)−Θ(x− L/2)], (5)
whereΘ(x) is the Heavyside theta-funtion. The solution
of the stationary equation of motion (3) may be sought
in the form
ψR(x) = ψ
−
Re
−ikx + ψ0Re
ikx, (6)
ψL(x) = ψ
0
Le
−ikx + ψ−L e
ikx.
Substitution of the ansatz (6) into the equations of mo-
tion (3) yields
ψ−L =
W (x)
ω + k
ψ0R, ψ
−
R =
W (x)
ω + k
ψ0L, (7)
with ω2 = [W (x)]2 + k2. We now onsider the region
[−L/2, L/2] and require both funtions ψL(x) and ψR(x)
to be ontinuous at the points x = ±L/2. For the point
x = −L/2 we have
ψR(−L/2) = ψ0Re−ikL/2 +
W
ω + k
ψ0Le
ikL/2, (8)
ψL(−L/2) = W
ω + k
ψ0Re
−ikL/2 + ψ0Le
ikL/2,
where k =
√
ω2 −W 2, and for the point x = L/2 the
expressions are similar. Introduing the matries
B =
(
1 Wω+k
W
ω+k 1
)
(9)
and
P =
(
eikL/2 0
0 e−ikL/2
)
, (10)
the ontinuity onditions an be written in a simple form
ψ(−L/2) = BP †ψ0, ψ(L/2) = BPψ0. (11)
The above equations then yield
ψ(L/2) = Mψ(−L/2), M = BP 2B−1, (12)
where M is the transmission matrix, whih gives the
transformation from the states on the left of the barrier,
ψR/L(−L/2), to the states on the right of the barrier
ψR/L(L/2),
M =
(
cos(kL) + iωk sin(kL) −iWk sin(kL)
iWk sin(kL) cos(kL)− iωk sin(kL)
)
.
(13)
Let us observe that M †σ3M = σ3, and therefore ψ¯ψ is a
onstant, where ψ¯ = ψ†σ3 is the Dira onjugate. This is
3a onsequene of harge onservation and holds for any
transmission matrix, sine an arbitrary baksattering
potential an always be represented as a set of (innitely
narrow) retangular potentials with dierent amplitudes.
Therefore, the transmission matrix M ∈ SU(1, 1) an be
always written in the form
M =
(
s r∗
r s∗
)
. (14)
A more elegant derivation of Eq. (13) using results of
the Lie group theory is presented in the Appendix. The
transmission matrix given by Eq. (14) is related to the
sattering matrix, S, whih gives the transformation from
the inoming modes ψR(−L/2), ψL(L/2) to the outgoing
modes ψR(L/2), ψL(−L/2). In terms of the transmission
matrix elements, the latter reads
S =
s
|s|
(
1/|s| r∗/|s|
−r/|s| 1/|s|
)
. (15)
Let us now alulate the transmission oeient for
the right moving partiles using Eq. (12). In that ase,
we have (
ψR(L/2)
0
)
= M
(
ψR(−L/2)
ψL(−L/2)
)
, (16)
with the transmission matrix M given by Eq. (13). The
transmission oeient may be then promptly found
from the previous equation
T ≡
∣∣∣∣ ψR(L/2)ψR(−L/2)
∣∣∣∣
2
=
1
|s|2 =
1
1 + |r|2 , (17)
Using the expliit form of the transmission matrix, given
by Eq. (13), we obtain for ω2 ≥W 2
T (ω) =
[
1 +
W 2
ω2 −W 2 sin
2(
√
ω2 −W 2L)
]−1
(18)
and for ω2 < W 2
T (ω) =
[
1 +
W 2
W 2 − ω2 sinh
2(
√
W 2 − ω2L)
]−1
. (19)
An analogous alulation shows that the transmission o-
eient for the left moving partiles is the same as for
the right moving ones. We an now nd the baksat-
tering urrent using the Landauer formula
3
and hoosing
the left and right reservoirs to be symmetri. We use the
subsript st to denote the baksattering urrent o a
stati impurity to distinguish it from the baksattering
urrent originating from time-dependent barriers, whih
is onsidered in the next setion. The urrent then reads
Ist = e
∫ ∞
−∞
dω
2π
[nR(ω)− nL(ω)][T (ω)− 1], (20)
where nR/L(ω) are the oupation numbers of the
right/left movers, given by the Fermi distribution fun-
tion
nR/L(ω) =
1
eβ(ω−ωF∓ω0/2) + 1
. (21)
Here, ω0 = eV is the Josephson frequeny related to the
applied bias voltage V and ωF is the Fermi energy (reall
that ~=1). We have to distinguish the two ases given
by Eqs. (18) and (19), sine if ω2 < W 2 the momentum
k beomes imaginary and transport ours then only via
tunnelling. In other words, the presene of baksattering
opens a gap in the energy spetrum of the fermions from
ωF −W to ωF +W . Substituting Eq. (18) into Eq. (20)
and keeping only the lowest order terms in W , we nd
the stati baksattering urrent
Ist = −eW
2
2π
∫ ∞
−∞
dω
sin2(ωL)
ω2
[nR(ω)− nL(ω)]. (22)
At zero temperature (T = 0) and ωF = 0 the above
expression simplies to
Ist = −2eW
2L
π
∫ Lω0
0
dy
sin2(y/2)
y2
. (23)
The baksattering urrents at a nite and zero tem-
perature, given by Eqs. (22) and (23), are plotted, re-
spetively, in the upper and the lower panel of Fig. 1.
In both ases the urrent Ist is represented in units of
eW 2L and the Josephson frequeny is in units of 1/L.
Inspetion of Fig. 1 shows that in the region Lω0 < 2,
the urrent Ist for sattering o an extended impurity
(solid line) is almost indistinguishable from the baksat-
tering urrent of a point-like impurity represented by a
barrier W˜ (x) = WLδ(x) (dashed line). However, in the
region Lω0 > 2 the dierene beomes drasti, sine the
baksattering urrent o a point-like impurity ontinues
to derease linearly, whereas for the extended impurity,
the urrent saturates at the value Ibs = −eW 2L/2.
C. Arbitrary stati potential
Let us now onsider noninterating eletrons baksat-
tered o a stati potential W (x) loalized in the interval
0 ≤ x ≤ y with the orresponding transmission matrix
M(y). In order to nd the dependene of the transmis-
sion matrix on the sattering potential, let us add to
the existing barrier an innitesimally thin part with the
height W (y + dy). In this ase the transmission ma-
trix at the point y + dy is M(y + dy) = M(y) + dM ,
where dM = iTMdy (see Appendix). After performing
a matrix multipliation, we nd the following dierential
equations
ds = i[ωs−W (y)r]dy, (24)
dr = i[W (y)s− ωr]dy.
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Figure 1: (olor online) Ist versus ω0 for noninterating ele-
trons (g = 1) in the presene of a point-like (dashed line) or
an extended impurity (solid line). The asymptoti behavior
for the latter, Ist(ω → ∞) → −1/2, is represented by dotted
lines. The urrent is plotted in units of eW 2L and the fre-
queny is in units of 1/L. Upper panel: T = 1; lower panel:
T = 0.
If the potential is weak, W (y) ≪ ω, then to the low-
est order in perturbation expansion r = O(W/ω). After
negleting terms O(r3), we obtain
dr(y) = i[W (y)eiωy − ωr(y)]dy. (25)
This is a linear inhomogeneous dierential equation of
the rst order with solution of the form
r(y) = ie−iωy
∫ y
0
dxW (x)ei2ωx. (26)
Then, it follows straightforwardly that
|r|2 =
∫
dx1
∫
dx2W (x1)W (x2) cos[2ω(x1 − x2)]. (27)
On the other hand, sine |r|2 ≪ 1, the transmission o-
eient beomes
T (ω)− 1 = 1
1 + |r|2 − 1 = −|r|
2, (28)
and the baksattering urrent at nite temperatures
then reads
Ist = −e
∫ ∞
−∞
dω
2π
|r|2[nR(ω)− nL(ω)]. (29)
Consequently, we nd that
δ2
δW (x1)δW (x2)
Ist|W=0 = (30)
−e
∫ ∞
−∞
dω
π
cos[2ω(x1 − x2)][nR(ω)− nL(ω)].
Sine∫ ∞
−∞
dy cos(y)[nR(y/2l)−nL(y/2l)] = 4πT l sin(ω0l) cos(2ωF l)
sinh(2πT l)
,
we eventually obtain that
δ2Ist
δW (x1)δW (x2)
|W=0 = (31)
−2eT cos[2ωF (x1 − x2)] sin[ω0(x1 − x2)]
sinh[2Tπ(x1 − x2)] .
As we will see later, Eq. (31) will allow us to on-
net the results obtained within perturbation theory in
the bosonization formalism with the ones derived in the
framework of the Büttiker-Landauer approah, for an ar-
bitrary (but weak) extended impurity barrier, in the limit
of noninterating eletrons (g = 1).
III. INTERACTING ELECTRONS
A. Several time-dependent extended impurities
In this setion we onsider a one-dimensional quantum
wire with spinless interating eletrons baksattered by
a time-dependent potential W (x, t). The Hamiltonian
of the model, inluding the eletron-eletron interation,
reads
12,18,19
H =
∫
dx
{
−i(ψ†R∂xψR − ψ†L∂xψL) + U(ψ†RψR + ψ†LψL)2
+ W (x, t)
[
ψ†LψRe
iω0t+i2kF x +H.c.
]}
, (32)
where U is the interation strength. In the next step,
we onsider a disretized baksattering potentialW (x, t)
omposed of several point-like time-dependent impurities
loated at positions xp, p = 1, ..., N , suh that
lim
∆xp→0+
N∑
p=1
W (xp, t)∆xp =
∫
W (x, t)dx. (33)
We now use the bosonization tehnique, whih re-
lates the fermioni elds, ψR/L, with the orrespond-
ing bosoni elds, ΦR/L, through ψR/L = αηe
±i√gΦR/L
.
5Here, α is a normalization fator, η is a fermioni opera-
tor, and g =
√
π/(π + 2U) (reall vF = 1) is the oupling
onstant in the bosoni theory. The ation orresponding
to the Hamiltonian (32) then reads
12,14,18,19,20,21
S =
∫
dtdx
{
1
8π
[
(∂tΦ)
2 − (∂xΦ)2
]
(34)
−
∑
p
δ(x− xp)Vp(t)
(
ei
√
gΦ(t,xp)eiω0t +H.c.
)}
,
where Vp(t) ≡W (xp, t)ei2kF xp∆xp/2π and Φ ≡ ΦR+ΦL.
Using the approah developed in Refs. [14℄ and [18℄, we
nd that, to the lowest order in V , the baksattering
urrent reads
Ibs(ω0, t) = C
∑
k,j
∫ ∞
|xk−xj|
dτ sin(ω0τ)V
∗
k (t− τ)Vj(t)
|τ2 − (xk − xj)2|g +H.c.,
(35)
where C = −2e sin(πg). The most general ase should
involve a spatially varying impurity potential, with an
arbitrary shape. In order to aount for this more gen-
eral situation, we take the ontinuum limit in Eq. (35)
by setting the number of impurities N →∞ and the dis-
tane between the impurities ∆xp → 0. Eq. (35) then
aquires the form
Ibs(ω0, t) = −e sin(πg)
π2
∫ ∫
dx1dx2
∫ ∞
|x1−x2|
dτ
sin(ω0τ) cos[2kF (x1 − x2)]W (x1, t− τ)W (x2, t)
|τ2 − (x1 − x2)2|g . (36)
Eq. (36) is a very important result of our paper beause
it allows us to evaluate the baksattering urrent for any
set of time-dependent extended impurities, desribed by
any arbitrary funtion W (x, t).
We an progress further in the analytial alulation
of some spei examples by introduing a simplifying
assumption, namely, that the impurity potential is a pe-
riodi funtion of time, W (x, t) = W (x) cos(Ωt). We
have shown in Ref. 14 that the d omponent of the
baksattering urrent generated by a set of dynami-
al point-like impurities osillating with a frequeny Ω
an be expressed, in rst order of perturbation theory, in
terms of the d urrent for a set of quasi-stati impurities
(ω0 ≫ Ω > 1/τmeas, with τmeas being the measuring or
the relaxation time),
Idc =
1
2
[Iqst(ω0 +Ω) + Iqst(ω0 − Ω)], (37)
or stati impurities (1/τmeas ≫ Ω)
Idc =
1
4
[Ist(ω0 +Ω) + Ist(ω0 − Ω)], (38)
with
Ist(ω0) = −e
∫ ∫
dx1dx2W (x1)W (x2)
cos[2kF (x1 − x2)]Hg(ω0, |x1 − x2|, T = 0). (39)
The funtion Hg is dened as
Hg(ω, x, T = 0) ≡ sin(πg)
π2
∫ ∞
|x|
dτ
sin(ωτ)
|τ2 − x2|g (40)
and after expliit evaluation it reads
Hg(ω, x, T = 0) = sgn(ω)
Jg−1/2(xω)
21/2+g
√
πΓ(g)
∣∣∣ω
x
∣∣∣g−1/2 ,
(41)
where Jα(x) are Bessel funtions of the rst kind and
Γ(g) is the gamma funtion.
This result may be readily generalized for the situation
where a phase shift of the form W (x, t) = W (x) cos(Ωt+
2Kx) is present along an extended impurity. Then we
an again write the d omponent of the urrent as
Idc =
1
4
[Ist,kF+K(ω0 +Ω) + Ist,kF−K(ω0 − Ω)], (42)
where the hannels ω0+Ω and ω0−Ω have an eetive
Fermi level at the momentum kF + K and kF −K, re-
spetively. This means that it is possible to derease the
eetive Fermi momentum for the ω0−Ω hannel. For
simpliity we assume K = 0 in the following.
We disussed until now the T = 0 ase. When the
temperature is nonzero, the Green's funtion is modied
by a onformal transformation
22
|τ2 − x2|g → | sinh[πT (τ − x)] sinh[πT (τ + x)]|
g
(πT )2g
. (43)
Consequently, the funtion Hg aquires the form
Hg(ω, x, T ) ≡
∫ ∞
|x|
dτ sin(πg) sin(ωτ)T 2gπ2g−2
| sinh[πT (τ − x)] sinh[πT (τ + x)]|g .
(44)
It is worth noting here that the funtion Ist(ω0), de-
ned by Eq. (39), an be represented as a produt of a
dimensional fator(whih atually beomes dimensional
only after inluding the uto of the model) and a fun-
tion of dimensionless variables. The dimensionless part
remains invariant with saling
ω0 → ω′0 = ω0ζ, x→ x′ = x/ζ,
W →W ′ = Wζ, T → T ′ = Tζ, (45)
whereas the urrents Ist and Idc sale as the dimensional
fator
Ist → I ′st
I ′st[W
′(x′)](ω′0, T
′) = ζ2g−1Ist[W (x)](ω0, T ). (46)
These equations set the relation between urrents or-
responding to dierent potentials, whih have the same
shape but a dierent length parameter. For example, all
retangular-like potentials have the same baksattering
urrent dependene up to the saling (45). This leads
us to the onlusion that it is enough to onsider some
potential with a xed length parameter to obtain the
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Figure 2: (olor online) Dimensionless "stati" urrent Ist
versus ω0 for kF = 0 and W = L = 1. Upper panel: g < 1/2.
Lower panel: g ≥ 1/2.
baksattering urrent dependene for all potentials of
the same form (in lowest order of perturbation theory).
In the ase of a potential W (x) with a retangular
shape, the above integral Eq. (39) simplies to
Ist(ω0) = −eW 2
∫ L/2
−L/2
∫ L/2
−L/2
dx1dx2 cos[2kF (x1 − x2)]
Hg(ω0, |x1 − x2|, T ).
By hanging the variables x = x1 − x2 and y = x1 + x2,
one integration an be performed, nally yielding
Ist(ω0) = −2eW 2
∫ L
0
dx(L − x) cos(2kFx)Hg(ω0, x, T ).
(47)
In Fig. 2, the dimensionless urrent in the presene
of a stati impurity, given by Eq. (47), is plotted for
kF = 0, W = L = 1, sine, as it was argued before, we
an x the length of the barrier without loss of general-
ity. The upper panel shows that for g < 1/2, Ist always
inreases, analogous to the ase of a point-like impurity.
On the other hand, for g > 1/2, a non-monotoni behav-
ior of the urrent appears. As we will disuss later, this
non-monotoni behavior may lead to an inrease of the
ondutane, beyond the value G0.
Let us now disuss the dependene of the urrent on the
value of kF . To demonstrate the inuene of the Fermi
momentum, kF , on the baksattering urrent o a stati
impurity, we plot Ist versus the Josephson frequeny for
several values of the Fermi momentum in Fig. 3. It an be
 0
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I
ω0
kF = 0
kF = pi
kF =pi/2
st
−0.1
−0.2
Figure 3: (olor online) Dimensionless Ist versus ω0 for g =
0.7 and L = 1
promptly observed that the qualitative features are the
same for zero and nite kF , the only eet of the latter
is to shift the minimum of the urve to higher values of
ω0.
For future purposes it is worth noting that for the ret-
angular potential with kF = 0 the following relation holds
∂2
∂L2
Ist = −2eW 2Hg(ω0, L, T ). (48)
Eq. (48) is a onsequene of a more general relation, valid
for an arbitrary stati potential
24
δ2
δW (x1)δW (x2)
Ist|W=0 =
−2e cos[2kF (x1 − x2)]Hg(ω0, |x1 − x2|, T ).
B. Noninterating eletrons g = 1 within
perturbation theory
Now we an ompare this result with the one obtained
in Se. II B using the Büttiker-Landauer formalism by
taking the limit g → 1 in Eq. (40). Dening h(τ) ≡
sin(ωτ), f(τ) ≡ |τ2 − x2|, and g = 1− ǫ, we may use the
formula
lim
ǫ→0+
∫ y
x
dτh(τ)[f(τ)]ǫ−1ǫ =
h(x)
f ′(x)
, y > x, (49)
7whih holds for a funtion f with the properties f(x) = 0
and f ′(x) > 0, yielding
H1(ω0, x, T ) = T
sin(ω0x)
sinh(2Tπx)
. (50)
In the ase of a retangular potential and kF = 0, we
may substitute Eq. (50) into Eq. (47) to obtain
Ist(ω0) = −2eW 2T
∫ L
0
dx(L − x) sin(ω0x)
sinh(2Tπx)
, (51)
whih, in the limit T → 0, beomes
Ist(ω0) = −eW
2
π
∫ L
0
dx(L − x) sin(ω0x)
x
. (52)
After integrating by parts and using that
d
dy [2 sin
2(y/2)] = sin(y), we nd
Ist = −2eW
2L
π
∫ Lω0
0
dy
sin2(y/2)
y2
, (53)
whih exatly oinides with Eq. (23) found in the pre-
vious setion.
To demonstrate the equivalene between the results
obtained using dierent approahes in the ase of nonzero
temperature, we note that the seond derivative of the
urrents given by Eqs. (22) and (51) atually oinide,
∂2
∂L2
Ist = −2eW 2T sin(ω0L)
sinh(2πTL)
. (54)
Therefore, these urrents an only dier by a funtion
F (L, ω0, T ) = C1(ω0, T )L + C2(ω0, T ), with C1 and C2
being arbitrary funtions of their arguments. It follows
from
∂
∂LIst(L = 0, ω0, T ) = Ist(L = 0, ω0, T ) = 0, that
F (L, ω0, T ) = 0, and the urrents given by Eqs. (22) and
(51) are thus equal. The same arguments hold also for
the ase of an arbitrary potential and kF 6= 0, where
the equations have similar form, only with the partial
derivative replaed by the funtional one,
∂
∂L → δδW (x) .
C. One osillating extended impurity
We an now x the width of the impurity to be L = 1
without loss of generality, sine the other ases are ob-
tained from the latter by the saling relation (45). The
funtion Ist(ω) is odd, Ist(−ω) = −Ist(ω), beause there
is no rathet eet present in the lowest order of pertur-
bation expansion.
23
The urrent for the dynamial impu-
rity Idc, aording to Eq. (38), reads
Idc =
1
4
[Ist(Ω + ω0)− Ist(Ω− ω0)]. (55)
Sine Ist(ω0) is always negative or zero for ω0 > 0, the
funtion Idc is also negative if both ω0+Ω and ω0−Ω are
positive. To obtain a positive baksattering urrent it
 0
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g
Figure 4: ωminL versus g.
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Figure 5: (olor online) Idc versus ω0 for g = 0.7.
is therefore neessary to have Ω > ω0, i.e., the frequeny
of the impurity should be larger than the external bias
frequeny. Then for small ω0
Idc =
1
2
I ′st(Ω)ω0 (56)
and therefore, the Idc urrent is positive if I
′
st(Ω) > 0,
at least for small ω0. Let us begin by onsidering the
urrent in the region 1/2 < g < 1. For a xed value
of the interation parameter g within this region, the
stati urrent Ist(ω0) ontinuously dereases from zero,
for ω0 = 0, to a minimal value Ist(ωmin), and then in
the remaining region it inreases, see Fig. (3). Let us
onentrate in the following on the example with kF = 0,
whih provides a lower bound for ωmin. The value of
ωminL then depends only on the interation strength g,
and it hanges monotonously from 0 at g = 1/2 to 5 at
g ≈ 0.95, but then diverges to +∞ when g → 1, see Fig.
(4). Therefore, for typial values of g, ωminL is of order 1.
Note that the minimum is very sensitive to the impurity
8length, and never ahievable for the ase of a point-like
impurity (L → 0), for whih Ist(ω0) is a monotonously
dereasing funtion. Sine in our ase the baksattering
urrent hanges sign only when I ′st(Ω) > 0, we have to
hoose Ω > ωmin in order to obtain an inrease of the
d urrent, see Eq. (56) and Fig. (3). Now, onsidering
Idc as a funtion of the applied voltage V for some xed
Ω > ωmin, one nds that the d urrent is positive in
a region 0 < ω0 < ω
∗
0(Ω), see Fig. (5). Therefore, the
eet of urrent enhanement in the region 1/2 < g < 1
ours only if the frequeny of the impurity is larger than
some minimal value ωmin, whih depends on g. For the
frequeny Ω > ωmin, the ontinuous funtion Idc is then
positive within a region 0 < ω0 < ω
∗
0 .
IV. CONCLUSIONS
In this work we alulated the baksattering ur-
rent o extended impurities in a Luttinger liquid. We
started our analysis by onsidering noninterating ele-
trons (g = 1) sattered by a retungular-like barrier of
width L and height W . In this simplied ase the prob-
lem an be exatly solved using the Büttiker-Landauer
formalism. We evaluate the baksattering urrent at
nite and zero temperatures for the Fermi momentum
kF = 0, and nd that for small Josephson frequenies
Lω0 < 2 the result is almost indistinguishable from the
baksattering urrent o a point-like impurity repre-
sented by a barrier W˜ (x) = WLδ(x). In the region
Lω0 > 2 these urrents dier onsiderably, sine in the
ase of a point-like impurity the urrent dereases linearly
whereas for the extended barrier it saturates at the value
Ibs = −eW 2L/2. We also alulated the baksattering
urrent o a weak baksattering potential with an arbi-
trary shape in lowest order of perturbation expansion.
The eet of a time-dependent extended barrier,
W (x, t), in the presene of repulsive eletron-eletron
interations was then onsidered. Using the bosoniza-
tion tehnique ombined with the Keldysh formalism, we
showed that the baksattering urrent o dynamial im-
purities an be expressed in terms of the baksattering
urrent o stati ones. It atually turns out that the only
eet of the barrier osillating with a frequeny Ω is to
split the ondution hannel ω0 into two hannels, ω0±Ω.
We then evaluated the baksattering urrent o stati
barriers Ist(ω0) and showed that it is a non-monotoni
funtion of ω0, whih for 1/2 < g < 1 has a minimum
at ωmin. In addition, we observed that ωmin depends
on the interation strength and the parameter kFL, with
kF = 0 providing a lower bound for ωmin. Therefore,
by hoosing Ω suh that Ω > ωmin, it may our that
the baksattering urrent hanges sign and in a ertain
region of applied voltage 0 < ω0 < ω
∗
0 the ondutane
will be greater than the quantum of ondutaneG0. The
phenomenon of the ondutane enhanement may our
in the presene of osillating impurities as well, but the
main dierene onerns the region of parameters where
it appears, whih depends on the type of the barrier. In
the ase of a single point-like osillating barrier it only
ours for strongly repulsive interations 0 < g < 1/2,12
whereas for two or more point-like barriers it may happen
in the entire range of repulsive interations 0 < g < 1 if
the barriers osillate with the same frequeny Ω.14 On the
other hand, if the barrier is extended, the phenomenon
already appears for a single osillating barrier in the en-
tire region of the repulsive eletron-eletron interations
(0 < g < 1). The interval of voltage where the ondu-
tane inreases an be optimally hosen by adjusting the
frequeny Ω of the osillating barrier.
In summary, we investigated the transport properties
of a Luttinger liquid aounting for the most general ase
of sattering o extended time-dependent barriers and
determined the values od parameters where the ondu-
tane may inrease beyond its quantized value.
V. ACKNOWLEDGEMENTS
The authors have benetted from fruitful disussions
with M. P. A. Fisher, J. S. Caux, and H. T. C. Stoof.
Appendix A
The matrix M for a single extended impurity an also
be found in a dierent approah, using elements of the
Lie group theory. Considering the extended impurity as
a set of innitely narrow impurities, the matrix M may
be represented as an innite produt of the matries or-
responding to the sattering by the individual impurities.
The transmission matrix orresponding to a vanishingly
narrow potential (Eq. (5) with L→ 0) is given by
M = I + iT∆L, (A1)
where I is the 2 × 2 unity matrix, and ∆L → 0 is the
width of the impurity barrier. This means that ∆ψ(x) ≡
ψ(x+∆L/2)−ψ(x−∆L/2) = iT ψ(x)∆L, and the matrix
T is obtained from the equations of motion (3),
T =
(
ω −W
W −ω
)
. (A2)
Therefore, we an write the transmission matrix as M =
eiσaξ
a
, where σa are the Pauli matries and ξ
1 = 0, ξ2 =
−iW∆L, ξ3 = ω∆L. Sine the baksattering potential
W (x) is onstant for −L/2 < x < L/2, the transmission
matries of vanishingly narrow impurities ommute with
eah other, whih allows us to nd parameters ξa for a
retangular potential with a nite length L > 0 in the
form ξ1 = 0, ξ2 = −iWL, and ξ3 = ωL. On the other
hand,
eiσaξ
a
=
(
cos(ξ) + i ξ
3
ξ sin(ξ)
iξ1+ξ2
ξ sin(ξ)
iξ1−ξ2
ξ sin(ξ) cos(ξ)− i ξ
3
ξ sin(ξ)
)
,
9where ξ ≡
√
(ξ1)2 + (ξ2)2 + (ξ3)2. Therefore, ξ = kL
and we obtain Eq. (13).
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